
PHYSICAL REVIEW A JANUARY 1998VOLUME 57, NUMBER 1
Role of symmetries in the transition to turbulence in optics

Jorge Farjas, Daniel Hennequin, Didier Dangoisse, and Pierre Glorieux
Laboratoire de Spectroscopie Hertzienne, Unite´ Associe´e au Centre National de la Recherche Scientifique, CERLA, Baˆtiment P5,
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~Received 25 April 1997!

Spatiotemporal dynamics of patterns of the light beam emitted by a photorefractive oscillator has been
investigated in the case of very large transverse dimensions. Time and space averagings show that the transi-
tion to turbulence as transverse dimensions are increased is a two-step process. Symmetry properties of the
average patterns reveal that after the first transition from a boundary- to a bulk-dominated behavior already
observed at Fresnel numbersNF.20 there is a second transition aroundNF.100. The regime corresponds to
a complete loss of symmetry and appears here as soon as the correlation length of the patterns becomes of the
same size as the period of the optical grating in the gain medium.@S1050-2947~98!01601-1#

PACS number~s!: 42.65.Sf, 42.60.Jf
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The domain of purely temporal nonlinear dynamics
now widely explored, but as spatial degrees of freedom
introduced, the level of complexity drastically increases a
there remain wide fields to be explored both theoretically a
experimentally. A possible approach is to expand the spa
time evolution onto a suitable basis of modes such as
Karhunen-Loewe functions, or in optics the Gaussian mod
and thus to reduce the problem to high-dimensional temp
dynamics. When the number of dimensions increases,
approach becomes inefficient and different tools are requ
to describe and understand the complexity. On the theore
side, this is the domain where amplitude equations are u
to predict the patterns appearing in systems with very la
transverse cross sections~i.e., very large aspect ratios! such
as convection in hydrodynamics or lasers in optics@1#. In the
transition from low- to high-dimensional chaos, the patte
evolve from a boundary-dominated self-organization to
bulk one that has its intrinsic time and space scales. Up
now, the related experimental studies used mostly statis
methods such as calculations of the spatiotemporal corr
tions of the patterns or analysis of the spatial charge dis
bution of phase singularities@2#. A main drawback of these
statistical methods is that they are blind to the symme
properties, while symmetries play a main role in the dyna
ics of such systems@3,5#. It was recently demonstrated th
inside the domain of high-dimensional dynamics, time av
aging restores the underlying symmetry that was lost in
stantaneous patterns@4,5#. We show here that using this too
the concepts of boundary and bulk behaviors have to be
fined, taking into account the symmetries of the system,
pecially when several symmetries are competing in the pr
lem.

If a system belongs to a given symmetry group, its beh
ior belongs to this group or to one of its subgroups. In ot
words, once the parameters acting on the system symm
are fixed, the other control parameters may change the
tern symmetry, often through temporal bifurcations, such
Hopf ones @3#. Such transitions between symmetry su
groups were observed, e.g., in patterns emitted by l
dimensional lasers@3#. When several symmetries compete
the system, their relative influence may evolve as its asp
ratios increase. To clarify this point, we have studied
571050-2947/98/57~1!/580~5!/$15.00
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behavior of an optical oscillator with photorefractive ga
~OPG! where a boundary symmetrys0 and a bulk symmetry
su compete. We show that as the aspect ratios increases0
andsu cease successively, not simultaneously, to play a
in the dynamics. This route leads eventually to a regime
turbulence independent of any symmetry.

The experimental setup consists in an optical ring cav
of lengthL containing a 1-cm-long BSO~Bi12SiO20! photo-
refractive crystal pumped with 532-nm radiation~Fig. 1!.
The pump is provided by a Nd31 YAG laser ~where YAG
denotes yttrium aluminum garnet!, with an intensity of 15
mW at the input of the crystal and an angleu with respect to
the cavity propagation axis. The gain is provided throu
two-wave mixing between the pump and the cavity field
The gain value depends drastically onu and on the dc elec-
tric field Edc applied transversally to the crystal. The resu
presented in the following have been obtained foru51.5°
andEdc5106 V/m, resulting in a gain of typically 10 cm21.
The cavity is closed with three plane mirrors and a be
splitter that extracts 10% of the beam intensity from the c
ity. A lens stabilizes the cavity. It is located at the oppos
side of the crystal, so that the waist of the intracavity be
lies inside the crystal. Its focal lengthf is chosen according
to the desired cavity and beam characteristics. The forme

FIG. 1. Schematic experimental setup.M indicates a mirror, BS
a beam splitter, andL1 the intracavity lens. A voltageV is applied
to the crystal.L2 is a group of lenses that image the iris plane on
CCD camera. The video camera recorder~VCR! is connected to a
computer~PC!.
580 © 1998 The American Physical Society
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57 581ROLE OF SYMMETRIES IN THE TRANSITION TO . . .
essentially determined by the ratioRn of the free spectra
rangeDnL and the transverse mode spacingDnT ,

Rn5
DnL

DnT
5

p

cos21A12
L

4 f

,

while the latter is given by the beam waist valuew0,

w05A l

2p
AL~4 f 2L !,

wherel is the wavelength of the beam. For example, typi
values of f 50.8 m andL52.4 m lead toDnL5125 MHz,
Rn53, andw050.34 mm.

An iris is inserted in the optical cavity to controls0 and
the transverse size of the system. It is located 6 cm from
crystal, in the near field area, since the Rayleigh length of
intracavity beam is 68 cm for the typical cavity character
tics given above, and never decreases below 50 cm in
experimental setup. A video camera recorder~VCR! moni-
tors the near-field image of the transverse distribution of
beam. We have checked that the patterns inside the cr
and in the plane of the iris are identical, and only patte
located in the iris plane are reported in the following. Te
poral sequences have been recorded on a high-resol
video recorder so that the resolution of analogic picture
typically 6503450. Note that this number does not limit th
resolution of the detection, as it is easy to record only o
part of the pattern as a whole picture: This technique
been used to detect the pattern fine structures and, w
necessary, to make the analyses. The acquisition frequ
of such a system is 25 frames per second. A fast pointw
detector recording the global pattern intensity allows us
monitor continuously the main frequencies of the patt
evolution and incidentally to check that no evolution occu
at frequency above 10 Hz. Temporal averages have b
obtained from these video recordings, using a computer d
tizing one by one the frames stored in the VCR. Averages
always made on time length much larger than the main
riods of the patterns, typically 10–100 times these periods
conditions where the averages are independent of the num
of pictures.

The transverse size of the optical cavity is measu
through the generalized Fresnel numberNF , which is the
equivalent of the aspect ratio in hydrodynamics:

NF5S l i

wi
D

min

2

.

l i and wi are the transverse radii of the cavity optical e
ments and of the beam measured at the same location in
cavity and along thei axis. The minimum value reached b
this ratio all along the cavity is used for the evaluation
NF . Depending on the transverse symmetry of the cav
this ratio may be different for each symmetry axis, as, e.g
the case of a rectangular cavity: Therefore,NF has as many
components as the cavity symmetry has main axes, as
cated by the indicesi . The main difference betweenNF and
the hydrodynamical aspect ratios is the square in the exp
l
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sion of the former. The origin of this square factor is that t
empty cavity mode transverse size grows as the square
of its global index. In the present experimental setup,
mirrors and the beam splitter have a transverse diamete
2.5 cm and the lens is 5 cm wide, while the crystal is 8 m
wide and is therefore the most limiting element in the a
sence of an iris. For the typical cavity characteristics giv
above, the spot sizes of the beam at the mirror further fr
the waist, at the lens, and in the crystal are, respectively, 0
mm, 0.69 mm, and 0.34 mm, leading to a localNF ratio of
250, 1300, and 140, respectively~note that a factorA2 has
been applied to the first ratio to take into account that mirr
make a 45° angle with respect to the beam propagation
rection!. Practically, the Fresnel number is calculated at
iris location as long as its aperture is less than 4 mm an
the crystal position otherwise. In the latter case,NF is fixed
at its maximum value, here 140. Note that an adequ
choice of f andL allows us to reach values up toNF5200.

In addition to the cavity boundary conditions discuss
above, the optical oscillator is also sensitive to the bulk sy
metry su , which mainly results from the interplay of th
beam propagation along the cavity axis with the transve
coordinates. For instance, in a ring cavity with an odd nu
ber of mirrors,su may be D2 or D4, while it is O~2! with an
even number of mirrors. More generally, each time the ra
Rn takes a rational value, a degeneracy of modes appears
can create locally a symmetry different from O~2!. For ex-
ample, withRn52 ~confocal cavity!, all modes with central
symmetry~antisymmetry! are degenerated. Let us stress th
s0 andsu are very different and that one of them does n
belonga priori to a subgroup of the other. For instance,s0
andsu may have different symmetry axes as, e.g., when
cavity and the iris are not coaxial.

In this system, parameters such as the cavity alignm
the shape of the iris, and the ratio between longitudinal a
transverse mode spacings may altersu or s0. Other param-
eters such as the gain and the cavity length do not ac
them, although they do on the observed patterns. As we w
to stress the pertinence of symmetry properties on the
namics, our approach consists in identifying and characte
ing the most ordered pattern for givens andNF , whatever
the gain and the cavity length. In addition, we perform th
study on time-averaged patterns, as spontaneous symm
breaking often appears associated with a temporal bifu
tion. As mentioned earlier, using time-averaged rather t
instantaneous patterns restores underlying symmetries@4,5#.

At low Fresnel number, typicallyNF,5, it has already
been shown that the OPG exhibits simple time behavio
typically stationary or periodic, easily interpreted throu
expansion on the Gaussian modes of the empty cavity@6,7#.
For example, fors05su5O(2), a typical observed patter
involves vortices rotating around a common center@7#.
Therefore, the O(2) symmetry is broken in the instantane
pattern. In this case, it is trivial that time averaging resto
the cylindrical symmetry. On the contrary, if eithersu or
s05D4 ~rectangular symmetry!, patterns no longer exhibit a
cylindrical symmetry, even on average@6#. This behavior
appears to be general at small Fresnel numbers, where
competition betweensu and s0 leads the system to follow
the lowest symmetry.
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582 57FARJAS, HENNEQUIN, DANGOISSE, AND GLORIEUX
The OPG patterns have been reconsidered using the
metry point of view developed above for increasing Fres
number starting from the low-value domain. Figure 2 sho
as an example a typical pattern obtained atNF'10 with
s05D6 ~hexagonal iris! andsu5O(2) but different symme-
try axes. The instantaneous pattern@Fig. 2~a!# is disordered,
but time averaging of the pattern@Fig. 2~b!# reveals the un-
derlying order, as spots distributed on rings are clearly v
ible. Figure 3 shows the scaling laws of this pattern obtain
from an azimuthal spatial averaging of the time-averag
intensity distribution. Figure 4 is a plot of the numberN of
minima along a diameter 2R versusNF for different values
of cavity length ands0, with su5O(2). ForNF,NF1

'19,

the number of minima is approximately equal toNF , as
predicted for Gaussian modes. As a consequence, it app
that in thisNF range, the output patterns of the OPG a
determined by both the iris and the cavity geometry a
follow scaling laws of the empty cavity modes. Similar r
sults were found for the CO2 laser@8,9# and interpreted as a
consequence of the interaction between a small numbe
modes@9#. In the present case, the patterns are also likely
be composed of a small number of modes, selected b
process of transverse spatial hole burning, as in@9#.

Figure 4 shows a drastic change in the scaling law
NF.NF1

. N still varies linearly withNF , but now with a
slope much smaller than 1. This regime is associated w

FIG. 2. Patterns obtained in an OPG withNF'10, su5O(2),
and hexagonal boundaries:~a! snapshot and~b! average on four
periods.

FIG. 3. Spatial average intensity of the pattern of Fig. 2 a
function of the distance to the center of the pattern.
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alterations in the shape of the pattern: The organization at
center of the time-averaged pattern becomes different fr
that at its edges. Moreover, this arrangement is independ
of s0 and is related tosu only. This behavior is illustrated in
Figs. 2 and 3, although it remains weak at such lowNF . In
these patterns, the hexagonal external shape is that of the
showing no simple ordered structure, while the central area
typical of su5O(2). AsNF increases, an intermediate bor
dering disordered area appears betweenr 5RM and r 5R
~Fig. 3!. This outer area appears whatever the shape of t
iris and thus also fors05O(2). In these conditions,su and
s0 have different actions: The former determines the ord
of the inner area of the time averaged pattern, while the latt
rules the outer area.

The change in the slope of the plot of Fig. 4 is associat
with a relative decrease of the number of rings versusNF as
compared with the low-NF behavior. A check in scaling laws
indicates that this change originates from an increase of
average distance between rings and not from an enlargem
of the disordered outer zoneR2RM . In addition to the
N5NF scaling law, Gaussian modes also obey
RM /w5ANF scaling, wherew is the spot size of the funda-
mental mode. The plot ofRM /w versusANF as shown in
Fig. 5 does not present any variation in the domain arou
NF1

: A least-square fit on a straight line gives a slope a

proximately equal to 1. Therefore, the transition atNF1
ap-

pears to originate from an increase of the average dista
between the rings of the patterns.

From the modal point of view, this can be easily ex
plained if one considers that, as the number of modes
creases, including modes from different orders, the patte
becomes spatially quasiperiodic, forming some kind
Moiré pattern. This explains the change in the slope of F
4.

To understand the meaning of this transition from th
symmetry point of view, we have plotted the relative size
the inner zone, wheresu dominates, as a function ofNF
~Fig. 6!. It appears clearly that the inner part, which cove
initially a negligible part of the whole pattern, increases un
it reaches an asymptotic value of about 80% aroundNF1

.
a

FIG. 4. Number of minimaN deduced from plots as shown in
Fig. 3, versus Fresnel numberNF . The dots correspond to experi-
mental results. The two straight lines, of equationaN1b with
a50.90 andb50.01 (a50.09 andb515), result from a fit on
the values ofN obtained forNF,NF1

(NF.NF1
) with NF1

'19.
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57 583ROLE OF SYMMETRIES IN THE TRANSITION TO . . .
Therefore, the transition atNF1
appears as a change in th

relative influence ofs0 andsu . Starting from lowNF , the
range of action ofsu extends progressively and eventual
s0 becomes marginal.

The first transition is the equivalent of that reported in@2#,
where the transition was observed on vortices through th
total imbalance and their average separation distance. U
average patterns, information on the symmetries is kept
transition occurs from a regime dominated by the bulk sy
metry, linked to the cavity, towards one ruled by the boun
ary symmetry, linked to the external shape of the cav
Thus it appears that this transition does not correspond
brutal loss of influence of the cavity on the behavior as s
gested in@2#. The transition here is also different from tha
observed in@5# in the Küppers-Lortz instability because o
the existence ofsu : Indeed, beyondNF1

, no symmetry is
lost in the OPG, while it is the case in@5#.

As the Fresnel number increases, the pattern evolutio
monitored through the contrast in the ring intensities as
vealed by the spatial averaged intensity of the time-avera
patterns. The contrast decreases above the first transition
finally almost vanishes forNF.NF2

with NF2
'100, leading

to a flat curve. This behavior is illustrated in Fig. 7, whe
the maximum amplitudeDI of the inner zone of the pattern

FIG. 5. Normalized distanceRM /w between the center of the
pattern and the last ring as a function ofNF

1/2. TheRM /w5NF
1/221

straight line has been plotted as a reference.

FIG. 6. Relative distanceRM /R between the center of the pa
tern and the last ring as a function of the Fresnel number.
ir
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is plotted versus the Fresnel number. Note that,
NF.NF2

, the small variations, of the order of 2% of th
mean intensity, which are observed at large Fresnel numb
are due to the noise remaining after the averaging a limi
number of data.

This evolution is due to the loss of any order in the patte
so that the dynamics no longer depends onsu . The hypoth-
esis of a spatial rearrangement of the pattern, correspon
to a different ordered structure, may be ruled out since a p
of the amplitude variations of the time-averaged tw
dimensional patterns, without spatial averaging, shows
same behavior. This interpretation is reinforced by the f
that the spatial modulation of the instantaneous patterns d
not vary significantly withNF .

Several levels of spatiotemporal disorder can be defin
as a function of the relative value of the transverse wa
length lT as compared to the correlation lengthl c of the
pattern dynamics. WhenlT' l c , the information propagates
over a distance large enough to make possible long-ra
correlations. On the contrary, whenlT@ l c , long-range cor-
relations disappear. In the former case, behaviors are o
referred to as spatiotemporal chaos, while in the latter o
speaks of turbulence. The transition inNF2

appears as a loss
of long-range spatial order and so could be considered a
transition from spatiotemporal chaos to turbulence. Althou
a direct analysis of the temporal dynamics should be p
formed before concluding this point, it is worthwhile t
evaluate here the order of magnitude oflT at the second
transition pointNF2

and compare it with the typical length
scales of the setup. In optical oscillators, it is generally
sumed thatlT is approximately equal to the average distan
between two successive intensity maxima of the Gauss
modes and so evolves asw/ANF. As our cavities are built so
that the waist of the beamw0 is inside the photorefractive
crystal, l c is approximately equal tow0 /ANF, which gives
for our typical cavitiesl c2

'25 mm atNF2
. Here the corre-

lation lengthl c2
has been estimated within the spatial res

lution of our data acquisition system to be equal to the per
L of the optical grating in the crystal. AlthoughL is not
usually considered as an important space scale in the O
here it seems to play the role of the correlation length of

FIG. 7. Intensity variationsDI appearing in spatial average
plots as a function ofNF . Long-range variations have been re
moved.
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584 57FARJAS, HENNEQUIN, DANGOISSE, AND GLORIEUX
dynamics and thus the second transition appears as a tr
tion to turbulence.

To summarize, the route to turbulence in the OPG loo
like a competition between two symmetries, governing
spatial organization of the edge and the central area, res
tively. As the aspect ratios increase, two successive tra
tions lead from order to turbulence: The first one appear
a change in the leading symmetry, namely, from that de
mined by the transverse boundaries to that determined by
bulk geometry; the second transition appears as a comp
loss of long-range correlations and occurs as the transv
wavelength of the pattern becomes smaller than the gra
period in the crystal, which fixes the correlation length of o
system. In this case, the bulk symmetry loses also any in
ence on the patterns geometry and a more developed tu
lence appears. Thanks to the flexibility of optical systems
particular concerning changes in boundary conditions,
separation of the roles played by the various symmetrie
our system has allowed one to uncover details of the tra
tion to turbulence in optics. Experiments in Faraday wa
a D
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@4#, rotating Rayleigh-Be´nard convection@5#, or lasers@3#
show that this behavior could be generic and probably st
in any system involving symmetries originating in differe
spatial elements. In particular, it has been shown that
OPG could be modeled as a class-A laser, i.e., near the
threshold with a complex Swift-Hohenberg or a compl
Ginzburg-Landau equation where the order parameter is
electric field @10#. Therefore, the next step in this stud
should be to look for these transitions to turbulence in suc
model and evaluate whether such a behavior is univer
The experimental methods described here could also
tested in other fields of physics.
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